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Abstract
We study the limiting behaviour of Darboux and Calapso transforms of polarized curves in
the conformal n-dimensional sphere, when the polarization has a pole of first or second order at
some point. We prove that for a pole of first order, as the singularity is approached all Darboux
transforms converge to the original curve and all Calapso transforms converge. For a pole of
second order, a generic Darboux transform converges to the original curve while a Calapso
transform has a limit point or a limit circle, depending on the value of the transformation
parameter. In particular, our results apply to Darboux and Calapso transforms of isothermic
surfaces when a singular umbilic with index 1
2
or 1 is approached along a curvature line.
1 Introduction
Transformations of surfaces play a central role in our present understanding of smooth and discrete
differential geometry. Not only do they allow the construction of new surfaces of a given class
from existing ones, but their existence reveals a great deal about the underlying (integrable) struc-
ture of the corresponding classes of surfaces, cf [5]. For example, given a pseudospherical surface
(K = −1), the Ba¨cklund transformation yields a two-parameter family of new pseudospherical
surfaces by solving an integrable, first order partial differential equation (see [11, §120]). In [22],
these Ba¨cklund transformations are shown to be generators of an infinite-dimensional transfor-
mation group of the space of pseudospherical surfaces and the relations among these generators
are given by a permutability theorem discovered by Bianchi [1, §257] in the nineteenth century.
In particular, it is shown that pseudospherical surfaces fall into the class of integrable systems.
Similar developments have been achieved for other classes of surfaces such as minimal surfaces,
constant mean curvature surfaces, constant Gaussian curvature surfaces (cf [2]) and curved flats
in symmetric spaces such as Darboux pairs of isothermic surfaces, cf [9], [12] and [7].
In the discrete theory, the importance of transformations becomes even more apparent, as
articulated in [3] (see also [4]): “In this setting, discrete surfaces appear as two-dimensional layers
of multidimensional discrete nets, and their transformations correspond to shifts in the transversal
lattice directions. A characteristic feature of the theory is that all lattice directions are on equal
footing with respect to the defining geometric properties. Due to this symmetry, discrete surfaces
and their transformations become indistinguishable.”
The interplay between aspects of discrete and smooth differential geometry was explored in
[6] with the study of semi-discrete isothermic surfaces, introduced in [18]. In analogy to the
transformation theory of smooth isothermic surfaces (see [15, Ch 8.6], [5] or [8]), the authors
develop a notion of Christoffel, Darboux and Calapso transformations of polarized curves, that is,
smooth curves equipped with a nowhere zero quadratic differential, called a polarization. They
then show that semi-discrete isothermic surfaces are sequences of Darboux transforms of polarized
curves. In line with the ideas of discrete differential geometry, permutability theorems of the
transformations of polarized curves are shown to yield a corresponding transformation theory for
semi-discrete isothermic surfaces.
We are interested in the class of smooth isothermic surfaces, classically characterized by the
local existence of conformal curvature line coordinates, away from umbilics. For these surfaces,
the transformation theory is defined only locally, that is, on simply connected surface patches
1
ar
X
iv
:1
80
7.
00
49
7v
1 
 [m
ath
.D
G]
  2
 Ju
l 2
01
8
on which regular nets of conformal curvature line coordinates exist (cf [5], [15] and [20]). A
global transformation theory is still missing. In particular, it seems necessary to reconsider the
definition of an isothermic surface. The classical definition makes no restriction whatsoever on
umbilic points. But certain configurations of umbilics are an obstacle for a global definition of the
transformations (see [15, §5.2.20]). One candidate for an alternative definition of an isothermic
surface is to require the existence of a globally defined holomorphic quadratic differential whose
trajectories (see [21, Sect 5.5]) agree with the curvature lines of the surface on the complement
of its umbilic set. But due to the Poincare´-Hopf theorem [16], this would exclude all surfaces
homeomorphic to a sphere, for example the ellipsoid, cf [20]. If we merely require the existence
of a meromorphic quadratic differential, that includes topological spheres. Moreover, according to
the local Carathe´odory conjecture, the poles of such a meromorphic quadratic differential are at
most of order two (see [14]).
This paper makes a first step towards a global transformation theory of isothermic surfaces
for which an underlying meromorphic quadratic differential exists. A curvature line of an isother-
mic surface together with the restriction of such a meromorphic quadratic differential yields a
polarized curve in the sense of [6, Sect 2]. Moreover, the transformations for isothermic surfaces
descend to the corresponding transformations of the polarized curvature lines. Thus, in order
to understand how the transforms of an isothermic surface behave when a pole of the underly-
ing meromorphic quadratic differential is approached along a curvature line, we investigate how
Darboux and Calapso transforms of polarized curves with singular polarizations behave when the
singularity is approached. In particular, we investigate the limiting behaviour of Darboux and
Calapso transforms of polarized curves where the polarization has a pole of first or second order.
According to the local Carathe´odory conjecture, these are the only poles that can occur on a
curvature line of an isothermic surface.
In Sect 2, we give Mo¨bius geometric definitions of the Darboux and Calapso transformations
of polarized curves in the conformal n-dimensional sphere Sn. Our definitions are formulated with
a projective model of Mo¨bius geometry: we identify Sn with the projectivization P(Ln+1) of the
light cone Ln+1 in n+ 2-dimensional Minkowski space. The Mo¨bius group can then be identified
with the projective Lorentz group PO(Rn+21 ). Curves are described as maps into the projective
light cone. For computations and in order to prove that our definitions agree with those of [6],
we relate the projective model to its linearisation based on the action of O(Rn+21 ) on Ln+1, where
curves are described via their light cone lifts. We then give a definition of a polarization with a
pole of first or second order.
The central object in our definition of the transformations (Def 2.1) are the primitives Γp(λω)
of a family (λω)λ∈R of 1-forms associated to a polarized curve. Here, the primitive of a 1-form ψ
with values in the Lie algebra po(Rn+21 ) of PO(R
n+2
1 ) is the unique map t 7→ Γ tp (ψ) into PO(Rn+21 )
which satisfies
d Γp(ψ) = Γp(ψ)ψ, Γ
p
p (ψ) = id,
cf [19]. When the polarization has a pole of first or second order at some point, the 1-forms λω
associated to the polarized curve also have a pole at that point and hence the primitives are not
defined there. Nevertheless, as we prove in Cor 3.6 and Prop 3.8 in Sect 3, the primitives of a
certain class of po(Rn+21 )-valued 1-forms with a pole of first order do have a limit in PEnd(R
n+2
1 ) ⊃
PO(Rn+21 ) at the singular point.
In Sect 4, we use these results to show that when the polarization of a polarized curve has a
pole of first order, every Calapso transform converges to some point and all Darboux transforms
converge to the original curve.
In Section 5, we consider the case of a polarization with a pole of second order. We cannot
apply the results of Sect 3 here directly because the 1-forms λω associated to the polarized curve
have poles of second order. We first have to do a singular gauge transformation to transform the
1-forms with poles of second order to 1-forms with a pole of first order. The behaviour of the
Darboux and Calapso transforms in this case is more diverse. A generic Darboux transform still
converges to the original curve as the singularity is approached, but there are Darboux transforms
which do not converge. Moreover, the Calapso transform has a limit point or a limit circle,
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depending on the value of the transformation parameter λ.
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2 Darboux and Calapso transforms of polarized curves
In this section we define Darboux and Calapso transforms of polarized curves, show that our
definitions agree with those of [6] and specify the goal of this paper: the study of the limiting
behaviour of Darboux and Calapso transforms at points where the polarization has a pole of first
or second order.
We use the projective model of Mo¨bius geometry (cf [5, Sect 1.1.] and [15, Ch 1]) and identify
the conformal n-sphere Sn with the projectivization P(Ln+1) of the light cone in n+2-dimensional
Minkowski space. In this way, the action of the Mo¨bius group on Sn can be identified with the
action of the projective Lorentz group PO(Rn+21 ) on P(Ln+1). The projective Lorentz group is
diffeomorphic to the group O+(Rn+21 ) of orthochronous Lorentz transformations via the diffeo-
morphism 〈·〉 of taking the linear span. Its differential at the identity yields the isomorphism of
Lie algebras
did〈·〉 : o(Rn+21 )→ po(Rn+21 ),
v ∧ w 7→ v ∧ w + R id, (1)
where we further identify Λ2(Rn+21 ) with o(R
n+2
1 ) via
(v ∧ w)(x) = ⟪v, x⟫w − ⟪w, x⟫ v
for v, w, x ∈ Rn+21 . Here ⟪·, ·⟫ denotes the Minkowski inner product on Rn+21 .
A regular curve 〈c〉 in Sn = P(Ln+1) is an immersion of some interval (a, b) into P(Ln+1),
where the notation 〈c〉 indicates that such a map may also be described by pointwise taking the
linear span of a light cone lift c : (a, b)→ Ln+1 of 〈c〉. For simplicity, we always assume 〈c〉 to be
smooth. A polarized curve (〈c〉, Q) in Sn is a regular curve 〈c〉 in Sn together with a nowhere zero
quadratic differential Q on (a, b). To a polarized curve (〈c〉, Q) we associate the po(Rn+21 )-valued
1-form ω given by
ω = Q c ∧ d c+ R id, (2)
where c is any light cone lift of 〈c〉 and the function Q is related to Q via that lift c by
Q = Q ‖ d c‖2.
The 1-form ω is independent of the choice of lift c of 〈c〉.
Let G be a Lie group with Lie algebra g and ψ a g-valued 1-form on (a, b). Then for any
p ∈ (a, b), denote by
Γp(ψ) : (a, b)→ G, t 7→ Γ tp (ψ),
the unique primitive that satisfies (cf [19, Ch 3, Thm 6.1])
d Γp(ψ) = Γp(ψ)ψ, Γ
p
p (ψ) = id. (3)
From the defining properties (3) of Γp(ψ) and its uniqueness it follows readily that
∀p, t ∈ (a, b) : Γ tp (ψ)Γt(ψ) = Γp(ψ). (4)
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Therefore, the map Γ p(ψ) : (a, b) 3 t 7→ Γ pt (ψ) ∈ G is the composition of Γp(ψ) with taking the
inverse in G and thus satisfies
d Γ p(ψ) = −ψΓ p(ψ), Γ pp (ψ) = id.
Under a gauge transformation
ψ 7→ gnψ := g−1ψg + g−1 d g
using a smooth map g : (a, b)→ G, the primitives Γp(ψ) transform as
Γp(ψ) = g(p) Γp(gnψ) g−1. (5)
Definition 2.1. Let (〈c〉, Q) be a polarized curve in Sn with associated 1-form ω given by (2).
For λ ∈ R\{0}, p ∈ (a, b) and 〈cˆp〉 ∈ Sn, the curve
〈cˆ〉 := Γ p(λω)〈cˆp〉
is called the λ-Darboux transform of (〈c〉, Q) with initial point 〈cˆ(p)〉 = 〈cˆp〉.
For λ ∈ R and p ∈ (a, b), the curve
〈cλ,p〉 := Γp(λω)〈c〉
is called the λ-Calapso transform of (〈c〉, Q) normalized at p.
Due to (4), two λ-Calapso transforms normalized at p and q, respectively, differ by a Mo¨bius
transformation. Moreover, the Darboux and Calapso transformations of a polarized curve (〈c〉, Q)
in Sn are invariant under Mo¨bius transformations of Sn and reparametrizations of 〈c〉. We remark
that our definition is somewhat asymmetric because the transform of a polarized curve is not
again a polarized curve, but merely a curve. But as we do not study repeated transformations of
polarized curves here, there is no necessity nor benefit in equipping the transforms of a polarized
curve with a polarization.
This paper is devoted to the study of the limiting behaviour of the Darboux and Calapso
transforms at a in the case that 〈c〉 can be extended regularly to some (a−, b), but the polarization
has a pole of first or second order at a in the sense of
Definition 2.2. A quadratic differential Q : (a, b) 3 t 7→ Qt = Q(t) d t2 or a Lie algebra-valued
1-form ψ : (a, b) 3 t 7→ ψt = ψ(t) d t on (a, b) has a pole of order k ∈ N at a if the function
t 7→ Q(t)(a − t)k or t 7→ ψ(t)(a − t)k, respectively, has a smooth extension to (a − , b) for some
 > 0 with nonzero value at a.
If 〈c〉 has a smooth extension to (a− , b), then the polarization Q has a pole of first or second
order at a if and only if the 1-form ω associated to (〈c〉, Q) has a pole of first or second order at a.
The above definition of a pole is invariant under those diffeomorphisms of (a, b) to (a˜, b˜) which
extend to diffeomorphisms of some larger interval (a−, b) to (a˜−˜, b˜) with , ˜ > 0, e.g. translations
(a, b) 3 t 7→ t− a ∈ (0, b− a).
Together with the reparametrization invariance of the Darboux and Calapso transformation, we
can thus make the convenient choice a = 0.
Our definitions of the transformations of a polarized curve are formulated entirely in the
projective model of Mo¨bius geometry, where PO(Rn+21 ) acts on P(Ln+1) and surfaces are described
as immersions into P(Ln+1). Especially in computations, a linearisation of this model proves useful,
where O+(Rn+21 ) acts on the light cone Ln+1 and surfaces are described via their light cone lifts
as immersions into Ln+1. Let ψ be a po(Rn+21 )-valued 1-form on (0, b) and Ψ its orthogonal lift
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defined by Ψ + R id = ψ via the isomorphism (1). Then, the O+(Rn+21 )-valued primitives Γp(Ψ)
satisfy
∀p ∈ (0, b) : d〈Γp(Ψ)〉 = 〈Γp(Ψ)〉d〈·〉(Ψ) = 〈Γp(Ψ)〉ψ and 〈Γ pp (Ψ)〉 = id.
Thus, the maps 〈Γp(Ψ)〉 are exactly the primitives of ψ. More generally, for any real, nowhere
vanishing function h on (0, b), we have
∀p ∈ (0, b) : Γp(ψ) = Γp(Ψ + R id) = 〈Γp(Ψ)〉 = 〈hΓp(Ψ)〉. (6)
In particular, this identity allows to compute the primitives of a po(Rn+21 )-valued 1-form via
arbitrary nowhere zero rescalings of the primitives of its orthogonal lift.
The relation (6) also enables us to show that our Def 2.1 agrees with the corresponding ones
in [6]. Namely, let (〈c〉, Q) be a polarized curve with associated 1-form ω and orthogonal lift Ω.
Using (6), it follows that with cˆp ∈ 〈cˆp〉 the lift cˆ = Γ p(λΩ)cˆp of a λ-Darboux transform 〈cˆ〉 of
(〈c〉, Q) as defined in Def 2.1 is a parallel section of the connection
Dλ
d t
=
d
d t
+ λQ c ∧ c′ with Q ‖ d c‖2 = Q,
and hence yields a (−λ2 )-Darboux transform1 of (〈c〉, Q) in the sense of [6, Def 2.5]. Conversely,
any parallel section cˆ of D
λ
d t yields a λ-Darboux transform 〈cˆ〉 according to our Def 2.1.
Similarly, the λ-Calapso transform normalized at some p ∈ (0, b) up to Mo¨bius transforma-
tion corresponds to the (−λ2 )-Calapso transform defined in [6, Def 3.4] because, up to Mo¨bius
transformation, their Calapso transformation T−λ/2 is precisely Γp(λΩ).
Not surprisingly, the main advantage of the linearisation of the projective formalism is its linear
structure. For example, integration of (3) shows that the primitives of an o(Rn+21 )-valued 1-form
Ψ on (0, b) satisfy the useful integral equation in R(n+2)2
∀p, t ∈ (0, b) : Γ tp (Ψ) = id+
∫ t
p
Γ τp (Ψ)Ψ(τ) d τ. (7)
Its disadvantage, on the other hand, is its reliance on the choice of lifts. As we will see in
Sect 3, when a po(Rn+21 )-valued 1-form ψ and thus also its orthogonal lift Ψ on (0, b) have a
pole, it may happen that the O+(Rn+21 )-valued primitives Γp(Ψ) tend towards infinity as the
pole is approached, while the corresponding PO(Rn+21 )-valued primitives Γp(ψ) have limits in
P(R(n+2)2) ⊃ PO(Rn+21 ). If this is the case for the 1-form ω associated to a polarized curve and
its orthogonal lift Ω, then the lifts cˆ = Γ p(λΩ)cˆp and cλ,p = Γp(λΩ)c diverge as the singularity
is approached, while the corresponding maps 〈cˆ〉 and 〈cλ,p〉 converge. In such a situation, a lift
independent formalism is clearly beneficial.
3 Main tools
In this Section, we study the limiting behaviour at 0 of the primitives Γp(ψ) of a certain class of
po(Rn+21 )-valued 1-forms ψ on (0, b) with a pole of first order at 0. In Subsection 3.1, we restrict
to 1-forms of a particularly simple form, which we call pure pole forms. For those, the primitives
and their limiting behaviour at 0 can be computed explicitly. In Subsection 3.2 we then relate the
limiting behaviour of primitives of the more general pole forms to that of the pure pole forms. In
view of our definition of the transformations of a polarized curve via the primitives of multiples λω
of the associated 1-form ω (Def 2.1), these tools will provide the means to investigate the limiting
behaviour of the transforms of a singular polarized curve in Sects 4 and 5.
1Our parameter λ is −1/2 times the parameter t used in [6].
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3.1 Primitives of pure pole forms
We call a po(Rn+21 )-valued 1-form ξ on (0, b) a pure pole form if it is of the form
ξt = −v ∧ wd t
t
+ R id
for some v, w ∈ Rn+21 with v ∧ w 6= 0. Pure pole forms come in three types corresponding to
the three signatures which the linear span 〈v, w〉 ⊂ Rn+21 can have. Accordingly, we speak of
Minkowski, degenerate and spacelike pure pole forms.
In addition to the quadratic form ‖ · ‖2 induced by the indefinite Minkowski inner product⟪·, ·⟫, we introduce the standard, Euclidean, positive-definite norm | · | on Rn+2 and R(n+2)2 . On
End(Rn+21 ) ' R(n+2)
2
, the norm | · | is submultiplicative and satisfies |A∗| = |A| for A∗ the adjoint
of A ∈ End(Rn+21 ) with respect to the Minkowski inner product on Rn+21 . On po(Rn+21 ), we
define | · | by the push-forward of | · | restricted to o(Rn+21 ) ⊂ R(n+2)
2
via the isomorphism (1).
Furthermore, for w ∈ Rn+21 , we denote by w∗ the linear map w∗ : v 7→ ⟪v, w⟫.
Proposition 3.1. Let ξ be a pure pole form on (0, b) and Ξ its orthogonal lift. Then there is a
constant B ∈ R such that
1. if ξ is Minkowski, then
∀p ∈ (0, b) ∀t ∈ (0, p] :
∣∣∣∣∣
(
t
p
)ζ
Γ tp (Ξ)
∣∣∣∣∣ < B, (8)
∀p ∈ (0, b) : lim
t→0
(
t
p
)ζ
Γ tp (Ξ) =
v+v
∗
−⟪v+, v−⟫ , (9)
where v± ∈ 〈v, w〉 ∩ Ln+1 are eigenvectors of v ∧ w with eigenvalues ±ζ, ζ > 0;
2. if ξ is spacelike, then
∀p, t ∈ (0, b) : ∣∣Γ tp (Ξ)∣∣ < B, (10)
but Γp(ξ) does not converge as 0 is approached as it is a rotation in the plane 〈v, w〉 with
speed increasing towards infinity;
3. if ξ is degenerate, choose v0 ∈ 〈v, w〉 ∩ Ln+1 and w˜ ∈ 〈v, w〉 such that v ∧w = v0 ∧ w˜. Then
∀p, t ∈ (0, b) :
∣∣∣∣ 1`(p, t)Γ tp (Ξ)
∣∣∣∣ < B, (11)
∀p ∈ (0, b) : lim
t→0
1
`(p, t)
Γ tp (Ξ) = −
‖w˜‖2
2
v0v
∗
0 , (12)
where ` : (0, b)2 → R is the symmetric function
` : (p, t) 7→ 1 +
(
ln
(
t
p
))2
. (13)
Proof. First we note that Γ tp (Ξ) is given by the exponential
Γ tp (Ξ) = e
− ∫ t
p
d τ
τ v∧w = e− ln(
t
p )v∧w. (14)
1. For 〈v, w〉Minkowski, we may choose v± ∈ Ln+1 such that ⟪v+, v−⟫> 0 and v∧w = v−∧v+.
Then v± are eigenvectors of v ∧ w with eigenvalues ±ζ = ±⟪v+, v−⟫ and 〈v+, v−〉⊥ =
ker(v ∧ w). Using that
(s v− ∧ v+)k = (sζ)k
(
v+v
∗
−
ζ
)k
+ (−sζ)k
(
v−v∗+
ζ
)k
= (sζ)k
v+v
∗
−
ζ
+ (−sζ)k v−v
∗
+
ζ
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for all s ∈ R and k ∈ N, the exponential computes to
Γ tp (Ξ) = e
− ln( tp )v∧w =
(
id− v+v
∗
− + v−v
∗
+
ζ
)
+
(
t
p
)−ζ v+v∗−
ζ
+
(
t
p
)ζ v−v∗+
ζ
. (15)
Therefore,(
t
p
)ζ
Γ tp (Ξ) =
(
t
p
)ζ (
id− v+v
∗
− + v−v
∗
+
ζ
)
+
v+v
∗
−
ζ
+
(
t
p
)2ζ v−v∗+
ζ
.
Since ζ > 0, taking the limit t→ 0 yields (9). Since |t/p| ≤ 1 for all p ∈ (0, b) and t ∈ (0, p],
there is a constant B ∈ R such that (8) holds.
2. For 〈v, w〉 spacelike, Γ tp (Ξ) takes values in a 1-parameter subgroup O(R2) ⊂ O+(Rn+21 ) of
Euclidean rotations. Since O(R2) is compact, Γ tp (Ξ) is bounded for all p, t ∈ (0, b) such
that (10) holds for some B ∈ R. To see that Γp(ξ) does not have a limit at 0, denote by
iζ a nonzero eigenvalue of v ∧ w. Under a Lie group isomorphism O(R2) → R mod 2pi, the
primitive Γ tp (Ξ) gets mapped to ± ln
(
t
p |ζ|
)
mod 2pi which does not have a limit for any
p ∈ (0, b) as t tends to 0. Hence, also Γ tp (Ξ) does not have a limit for any p ∈ (0, b) as t
tends to 0.
3. Now let ξ be degenerate with v0 ∈ 〈v, w〉 ∩ Ln+1 and w˜ ∈ 〈v, w〉 such that v ∧ w = v0 ∧ w˜.
Then (v ∧ w)2 = −‖w˜‖2v0v∗0 and (v ∧ w)k = 0 for all k ≥ 3. With ` as in (13), we thus get
1
`(p, t)
Γ tp (Ξ) =
id− ln
(
t
p
)
v ∧ w − (ln(
t
p ))
2‖w˜‖2
2 v0v
∗
0
1 +
(
ln
(
t
p
))2 . (16)
Taking the limit t → 0 yields (12). The bound (11) follows from the boundedness of 11+x2 ,
x
1+x2 ,
x2
1+x2 for all x ∈ R.
The 1-parameter families (Γ tp (ξ))t∈(0,b) have simple Euclidean interpretations: For Minkowski
ξ, stereographically project Sn\{〈v+〉} to Rn. Then (Γ tp (ξ))t∈(0,b) acts as a family of similarities
with centre 〈v−〉 of Rn and a t-dependent scale factor that tends towards infinity as t → 0. The
limiting map 〈v+v∗−〉 maps all points to the point at infinity, 〈v+〉, except the centre, 〈v−〉, where
〈v+v∗−〉 is not defined.
If ξ is spacelike, (Γ tp (ξ))t∈(0,b) takes values in a 1-parameter subgroup O(R2) ⊂ O+(Rn+21 ) of
Euclidean rotations. As t approaches 0, the rotation speed increases towards infinity.
For degenerate ξ and v0 ∈ 〈v, w〉 ∩ Ln+1, stereographically project Sn\{〈v0〉} to Rn. Then
(Γ tp (ξ))t∈(0,b) acts as a family of translations of Rn by a vector of constant direction and t-
dependent length which tends towards infinity as t→ 0. The limiting map 〈v0v∗0〉 maps all points
to the point at infinity, 〈v0〉, except 〈v0〉 itself, where 〈v0v∗0〉 is not defined.
These limits are not elements of PO(Rn+21 ). Instead, they lie on the closure of PO(R
n+2
1 ) in
PEnd(Rn+21 ). In fact, it can be shown (cf [13]) that the closure of PO(R
n+2
1 ) in PEnd(R
n+2
1 ) is
compact and precisely the union of PO(Rn+21 ) and the set {〈vw∗〉 | v, w ∈ Ln+1} ⊂ PEnd(Rn+21 ).
In contrast, O+(Rn+21 ) is closed in End(R
n+2
1 ), but not compact. The limits (9) and (12) can thus
not be computed in O+(Rn+21 ), which demonstrates the advantage of the projective model.
3.2 Primitives of pole forms
In this section, we define pole forms and relate the limiting behaviour of their primitives at 0 to
that of pure pole forms.
7
Definition 3.2. A po(Rn+21 )-valued 1-form ψ on (0, b) is a pole form if ψ − ξ is bounded with
respect to the Euclidean norm | · | for a pure pole form ξ on (0, b).
For a pole form ψ, the pure pole form ξ for which ψ−ξ is bounded is clearly unique. Therefore,
we may define
Definition 3.3. Let ψ be a pole form on (0, b) with ψ − ξ bounded for the pure pole form ξ.
Then ψ is called Minkowski, spacelike or degenerate according to whether ξ has that property. For
Minkowski ψ, denote by ζ the positive eigenvalue of v∧w. If ψ is Minkowski with ζ < 1, spacelike
or degenerate, we say that ψ is of the first kind. Otherwise it is of the second kind.
We remark that these properties of a pole form are invariant under those diffeomorphisms of
(0, b) to (a˜, b˜) which extend to diffeomorphisms of (−, b) to (a˜− ˜, b˜) for some , ˜ > 0 (cf [13]).
Different techniques are necessary to investigate the limiting behaviour of primitives of pole
forms of the first and of the second kind. We start with those of the first kind.
Lemma 3.4. Let ξ be a pure pole form of the first kind on (0, b) and let χ be a bounded, continuous
map from (0, b) to po(Rn+21 ). Then the family (Γp(ξ)χΓ p(ξ))p∈(0,b) of maps from (0, b) to po(R
n+2
1 )
satisfies
∀p ∈ (0, b) : |Γp(ξ)χΓ p(ξ)| < Bp,
where (Bp)p∈(0,b) is a family of integrable functions on (0, b) that satisfies
∀p ∈ (0, b) : lim
t→0
t Bp(t) = 0. (17)
Moreover, if ξ is degenerate or spacelike, then
lim
p→0
∫ p
0
Bp(t) d t = 0. (18)
Proof. Let Ξ the the orthogonal lift of ξ. If ξ is degenerate, it follows from the submultiplicativity
of | · |, Prop 3.1 and the assumed boundedness of χ that there is a C ∈ R such that
∀p, t ∈ (0, b) : |Γ tp (ξ)χ(t)Γ pt (ξ)| ≤ |Γ tp (Ξ)|2|χ(t)| ≤ C `(p, t)2,
where `(p, t) is as in (13). Now set Bp(t) = C`(p, t)2. For all i ∈ N, by l’Hoˆpital’s rule (lnx)ix
converges to zero as x→ 0 such that (17) holds. Moreover, for any i ∈ N, the integral of (lnx)i is
a linear combination of terms of the form x(lnx)k with 0 ≤ k ≤ i. Again, since all terms x(lnx)k
converge to zero as x → 0, it follows that for all p ∈ (0, b) the function Bp is integrable and that
(18) holds.
If ξ is spacelike, again by Prop 3.1, Γp(Ξ) is bounded on (0, b). Therefore Γp(ξ)χΓ
p(ξ) is
bounded on (0, b). Thus, we can choose Bp to be the same constant for all p ∈ (0, b). Clearly, a
constant Bp is integrable and satisfies (17) and (18).
Let finally ξ be Minkowski with positive eigenvalue ζ < 1. Denote by v± the eigenvectors of
v ∧ w with eigenvalues ±ζ. According to the decomposition
o(Rn+21 ) = Λ
2Rn+21 = 〈v+ ∧ v−〉 ⊕
(〈v+〉 ∧ 〈v+, v−〉⊥)⊕ (〈v−〉 ∧ 〈v+, v−〉⊥)⊕ Λ2〈v+, v−〉⊥,
write χ = χ+− + χ+⊥ + χ−⊥ + χ⊥⊥ + R id. Using (15), Γp(ξ)χΓ p(ξ) evaluated at t reads
Γ tp (ξ)χ(t)Γ
p
t (ξ) = χ+−(t) +
(
t
p
)−ζ
χ+⊥(t) +
(
t
p
)ζ
χ−⊥(t) + χ⊥⊥(t) + R id.
Thus, there is a constant C such that
∀p, t ∈ (0, b) : ∣∣Γ tp (ξ)χ(t)Γ pt (ξ)∣∣ ≤ C
((
t
p
)−ζ
+
(
t
p
)ζ)
=: Bp(t). (19)
By assumption ζ < 1. Therefore, for all p ∈ (0, b), the function Bp is integrable over (0, b) and the
product tBp(t) converges to zero as t tends towards b.
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We remark that the bounding functions Bp that we defined in (19) for the Minkowski case do
not satisfy (18).
This Lemma can now be used to prove that a primitive of a pole form of the first kind factorizes
into a continuous map from [0, b) to PO(Rn+21 ) and the primitive of a pure pole form, whose limiting
behaviour at 0 we know from Prop 3.1.
Corollary 3.5. Let ψ be a pole form of the first kind so that ψ − ξ is bounded for the pure pole
form ξ. For all p ∈ (0, b), define the gauge transformed 1-form
ξ np ψ := Γp(ξ)ψ Γ p(ξ)− ξ. (20)
Then the primitives Γp(ξ np ψ) have limits in PO(Rn+21 ) at 0 and
Γp(ψ) = Γp(ξ np ψ) Γp(ξ). (21)
Moreover, if ξ is spacelike or degenerate,
lim
p→0
Γ 0p (ξ np ψ) = id. (22)
Proof. Since ξ takes values in a fixed 1-dimensional subalgebra, the orthogonal lift ΞnpΨ of ξnpψ
can be written as
Ξnp Ψ = Γp(Ξ) Ψ Γ p (Ξ)−Ξ = Γp(Ξ) (Ψ−Ξ) Γ p(Ξ). (23)
By assumption, ψ − ξ and hence Ψ − Ξ is bounded. Thus, by Lemma 3.4 and (23), Ξ np Ψ is
bounded by an integrable function Bp. By [10, Ch 1.8], the O+(Rn+21 )-valued primitive Γp(ΞnpΨ)
is continuous on [0, b) and, in particular, has a limit in O+(Rn+21 ) at 0. Thus, by (6), Γp(ξnpψ) has
a limit in PO(Rn+21 ) at 0. The relation (21) follows from (5) because ξ np ψ is a gauge transform
of ψ by the map Γ p(ξ). The limit (22) follows from
lim
p→0
∣∣Γ 0p (Ξnp Ψ)− id∣∣ ≤ lim
p→0
∣∣∣e∫ p0 |ΞnpΨ| − 1∣∣∣ ≤ lim
p→0
∣∣∣e∫ p0 Bp(t) d t − 1∣∣∣ = 0,
where the first inequality can be derived from the integral equation (7) and in the last step we
used (18).
From the factorization (21) and Prop 3.1, we conclude that the primitives of spacelike pole
forms do not have limits at the singularity, while those of degenerate and Minkowski pole forms
of the first kind do have limits. The following Corollary deals with these limits for the degenerate
case. Below, in Lemma 3.7 and Prop 3.8, we then derive an analogous result for Minkowski pole
forms of the first and second kind.
Corollary 3.6. Let ψ be a degenerate pole form on (0, b) with ψ − ξ bounded for the pure pole
form ξ. Choose v0 ∈ 〈v, w〉 ∩ Ln+1. Then there is a continuous map k : [0, b) → Ln+1 which
satisfies
∀p, t ∈ (0, b) : 〈k(t)〉 = Γ pt (ψ)〈k(p)〉, 〈k(0)〉 = 〈v0〉, (24)
and is such that
∀p ∈ (0, b) : lim
t→0
Γ tp (ψ) = 〈k(p)v∗0〉, lim
t→0
Γ pt (ψ) = 〈v0k(p)∗〉. (25)
Proof. For a ∈ PEnd(Rn+21 ) choose A ∈ End(Rn+21 ) such that a = 〈A〉. The adjoint A∗ with
respect to the Minkowski inner product yields a well defined element a∗ := 〈A∗〉 ∈ PEnd(Rn+21 ),
which is independent of the chosen A ∈ a. If a ∈ PO(Rn+21 ), then a∗ = a−1. Now let a :
(0, b)→ PO(Rn+21 ) be continuous with limit in PEnd(Rn+21 ) at 0. Then, since the map a 7→ a∗ is
continuous, we have
lim
t→0
a(t)−1 = lim
t→0
a(t)∗ = (lim
t→0
a(t))∗. (26)
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Since Γ tp (ψ) = (Γ
p
t (ψ))
−1
, one limit in (25) follows from the other due to (26). Now use Cor 3.5
and Prop 3.1 to find that
∀p ∈ (0, b) : lim
t→0
Γ tp (ω) = Γ
0
p (ξ np ω) 〈v0v∗0〉.
Choose k(p) to be a continuous lift of Γ 0p (ξnpω) 〈v0〉. Due to (22), k(0) ∈ 〈v0〉. The other relation
in (24) follows from (25) and Γ qp (ψ) = Γ
t
p (ψ)Γ
q
t (ψ).
Lemma 3.4 and Cor 3.5 do not hold for pole forms of the second kind. In particular, the gauge
transforms (20) are in general not integrable and although the factorization (21) also exists in that
case, it seems to be of little use because we do not know whether the first factor, Γp(ξnp ψ), has a
limit at 0. Thus, we pursue a different strategy. The following Lemma and Proposition are based
on ideas from [17].
Lemma 3.7. Let Ψ be the orthogonal lift of a Minkowski pole form ψ and ξ the pure pole form
such that ψ − ξ is bounded. Denote by ζ the positive eigenvalue of v ∧ w. Then there is a B ∈ R
and a b˜ ∈ (0, b) such that
∀p ∈ (0, b˜) ∀t ∈ (0, p] :
∣∣∣∣∣
(
t
p
)ζ
Γ tp (Ψ)
∣∣∣∣∣ =
∣∣∣∣∣
(
t
p
)ζ
Γ pt (Ψ)
∣∣∣∣∣ < 2B. (27)
Proof. The equality follows from |A−1| = |A∗| = |A| for A ∈ O(Rn+21 ). We now prove the
inequality. Let Ξ and Ψ be the orthogonal lifts of ξ and ψ. For p, t ∈ (0, b), one verifies by
differentiation2 that Γ tp (Ψ) satisfies(
t
p
)ζ
Γ tp (Ψ) =
∫ t
p
(
τ
p
)ζ
Γ τp (Ψ)(Ψ(τ)−Ξ(τ))
(
t
τ
)ζ
Γ tτ (Ξ) d τ +
(
t
p
)ζ
Γ tp (Ξ). (28)
By assumption, ψ− ξ and hence Ψ−Ξ is bounded by some D ∈ R w.r.t. | · |. By (8),
(
t
p
)ζ
Γ tp (Ξ)
is bounded by a constant B ∈ R for all t ∈ (0, p]. Therefore,
∀p ∈ (0, b) ∀t ∈ (0, p] :
(
t
p
)ζ
|Γ tp (Ψ)| ≤ DB
∫ t
p
(
τ
p
)ζ
|Γ τp (Ψ)|d τ +B. (29)
We now prove by contradiction that there is a b˜ ∈ (0, b) such that
∀p ∈ (0, b˜) ∀t ∈ (0, p] :
∣∣∣∣∣
(
t
p
)ζ
Γ tp (Ψ)
∣∣∣∣∣ 6= 2B. (30)
Namely, choose b˜ ∈ (0, b) sufficiently small such that
DB
∫ b˜
0
d τ <
1
2
. (31)
Suppose there existed a p ∈ (0, b˜) and a t ∈ (0, p] such that
∣∣∣∣( tp)ζ Γ tp (Ψ)∣∣∣∣ = 2B. Denote by t¯ the
smallest of those t. Then evaluating (29) at t¯ and using (31) yields 2B < 122B+B, a contradiction.
Hence, indeed (30) holds.
To conclude (27), we note that for all p ∈ (0, b˜), the map t 7→
∣∣∣∣( tp)ζ Γ tp (Ψ)∣∣∣∣ is continuous, has
the value |id| at t = p and, by the above, nowhere on (0, p] attains the value 2B ≥ 2|id| > |id|.
Thus necessarily (27) holds.
2or by using the integral equation (7) for the 1-form ξ np Ψ and the identity Γp(ξ np Ψ) = Γp(Ψ)Γ p(Ξ)
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We can now prove the analogue of Cor 3.6 for Minkowski pole forms.
Proposition 3.8. Let Ψ be the orthogonal lift of a Minkowski pole form ψ on (0, b) with ψ − ξ
bounded for the pure pole form ξ. Denote by v± eigenvectors of v ∧w with eigenvalues ±ζ, ζ > 0.
Then there is a continuous map k : [0, b)→ Ln+1 which satisfies
∀p ∈ (0, b) : k(t) =
(
t
p
)−ζ
Γ pt (Ψ)k(p), k(0) =
v+⟪v+, v−⟫ (32)
and is such that
∀p ∈ (0, b) : lim
t→0
(
t
p
)ζ
Γ tp (Ψ) = k(p)v
∗
−, lim
t→0
(
t
p
)ζ
Γ pt (Ψ) = v−k(p)
∗. (33)
In particular,
∀p ∈ (0, b) : lim
t→0
Γ tp (ψ) = 〈k(p)v∗−〉, lim
t→0
Γ pt (ψ) = 〈v−k(p)∗〉. (34)
Proof. First, we note that (34) follows from (33) and one limit in (33) follows from the other
because (Γ tp (Ψ))
∗ = Γ pt (Ψ) and taking the adjoint is continuous. We prove the first limit in (33).
Let Ψ and Ξ be the orthogonal lifts of ψ and ξ, respectively. Consider again the identity (28).
For t ∈ (0, p) it can be written in the form(
t
p
)ζ
Γ tp (Ψ) =
∫ 0
p
M(t, τ, p) d τ +
(
t
p
)ζ
Γ tp (Ξ), (35)
where
M(t, τ, p) := Θ(τ − t)
(
τ
p
)ζ
Γ τp (Ψ)(Ψ(τ)−Ξ(τ))
(
t
τ
)ζ
Γ tτ (Ξ) with Θ(x) =
{
1 for x ≥ 0
0 for x < 0
In order to prove (33), we wish to take the limit t→ 0 of (35). To that end, we convince ourselves,
that we may evaluate the limit t → 0 under the integral in (35) by applying the dominated
convergence theorem. Let first b˜ be as in Lemma 3.7 and fix p ∈ (0, b˜). Let (ti)i∈N be any sequence
in (0, p] converging to 0 and consider the sequence (τ 7→M(ti, τ, p))i∈N of functions from (0, p] to
R(n+2)2 . Due to (9), this sequence of functions converges pointwise. Moreover, due to Lemma 3.7,
the assumed boundedness of Ψ − Ξ, and (8), the sequence of functions is uniformly bounded by
some constant. Thus, the conditions of the dominated convergence theorem are satisfied and we
conclude
lim
t→0
(
t
p
)ζ
Γ tp (Ψ) =
∫ 0
p
lim
t→0
M(t, τ, p) d τ + lim
t→0
(
t
p
)ζ
Γ tp (Ξ)
=
[∫ 0
p
(
τ
p
)ζ
Γ τp (Ψ)(Ψ(τ)−Ξ(τ)) d τ + id
]
v+⟪v+, v−⟫v∗− =: k(p)v∗−, (36)
where we used (9). Again due to Lemma 3.7 and the assumed boundedness of Ψ−Ξ, the integrand
in k is bounded uniformly in p and so the integral in k exists for all p ∈ (0, b˜) and limp→0 k(p) =
v+/⟪v+, v−⟫. The first identity in (32) also follows from (36) and (4).
The map k has to take values in the light cone because for all p ∈ (0, b˜) we have
v−‖k(p)‖2v∗− = lim
t→0
(
t
p
)2ζ
Γ pt (Ψ)Γ
t
p (Ψ) = lim
t→0
(
t
p
)2ζ
id = 0.
This proves the Proposition for all p ∈ (0, b˜). But using (4) it can easily be seen to hold for all
p ∈ (0, b).
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4 Pole of first order
In this section we investigate the limiting behaviour at 0 of the Darboux and Calapso transforms
of a polarized curve (〈c〉, Q) on (0, b), where 〈c〉 has a smooth extension to (−, b) for some  > 0
and Q has a pole of first order at 0. For convenience, we further assume that 〈c〉 and Q have
smooth extensions to some (0, b+ ˜), ˜ > 0.
We assume that Qt = Q(t) d t
2 satisfies Q(t) < 0. This is convenient and no restriction of
our results because replacing Q by −Q has the same effect as replacing λ by −λ and there is no
restriction on the range or sign of λ. With this assumption, we can choose a smooth lift c of 〈c〉
such that Q(t) = Q(t)‖c′(t)‖2 = − 1t and the 1-form associated to (〈c〉, Q) reads
ωt = −d t
t
c(t) ∧ c′(t) + R id.
Now define the degenerate pure pole form
ξt := −d t
t
c(0) ∧ c′(0) + R id.
Then λω − λξ has a finite limit at 0 because
|ω(t)− ξ(t)| =
∣∣∣∣c(t) ∧ c′(t)− c(0) ∧ c′(0)t
∣∣∣∣ = ∣∣∣∣c(t) ∧ c′(t)− c′(0)t + c(t)− c(0)t ∧ c′(0)
∣∣∣∣
and 〈c〉 is assumed to be smoothly extendible to (−, b). Thus, λω − λξ is bounded on (0, b) and
λω is a degenerate pole form. In particular, it is a pole form of the first kind.
With the help of Cor 3.5 we can now show that every Calapso transform of (〈c〉, Q) converges.
Theorem 4.1. Let (〈c〉, Q) be a polarized curve on (0, b) such that 〈c〉 has a regular extension
to (−, b) and Q has a pole of first order at 0. Then for all p ∈ (0, b) and λ ∈ R, the λ-Calapso
transform 〈cλ,p〉 normalized at p has a limit at 0.
Proof. If λ = 0, then 〈cλ,p〉 = 〈c〉 and the statement is trivial. So let λ 6= 0. Factorize Γp(λω) as
in (21) to get
〈cλ,p〉 = Γp(λω) 〈c〉 = Γp(λξ np λω) Γp(λξ) 〈c〉.
Since λω is of the first kind, from Cor 3.5 we know that Γp(λξ np λω) has a limit in PO(Rn+21 ) at
0. To see that Γp(λξ) 〈c〉 has a limit at 0, write
Γ tp (λξ) =
〈
id− ln
(
t
p
)
λ c(0) ∧ c′(0)−
(
ln
(
t
p
))2
λ2‖c′(0)‖2
2
c(0)c(0)∗
〉
. (37)
Since both 1t ⟪c(0), c(t)⟫ and 1t ⟪c′(0), c(t)⟫ have finite limits at 0, and
lim
t→0
t ln
(
t
p
)
= 0, lim
t→0
t
(
ln
(
t
p
))2
= 0,
the product of (37) with 〈c(t)〉 converges to 〈c(0)〉. Thus, the limit of 〈cλ,p〉 at 0 exists and is
equal to Γ 0p (λξ np λω) 〈c(0)〉.
The Darboux transforms of (〈c〉, Q) converge to 〈c(0)〉.
Theorem 4.2. Let (〈c〉, Q) be a polarized curve on (0, b) such that 〈c〉 has a regular extension to
(−, b) and Q has a pole of first order at 0. Then for all λ ∈ R\{0}, the limit of any λ-Darboux
transform 〈cˆ〉 of (〈c〉, Q) at 0 is 〈c(0)〉,
lim
t→0
〈cˆ(t)〉 = 〈c(0)〉.
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Figure 1: Darboux transforms (dashed) of a half ellipse (solid) with respect to a polarization with
a pole of first order at each end. The spectral parameter λ is positive (negative) on the right (left)
side.
Proof. From Cor 3.6 we know that for every λ 6= 0 there is a continuous map kλ : [0, b) → Ln+1
such that
lim
t→0
Γ pt (λω) = 〈c(0)kλ(p)∗〉,
and kλ satisfies (24). Therefore, if 〈cˆp〉 6= 〈kλ(p)〉, then
lim
t→0
〈cˆ(t)〉 = lim
t→0
Γ pt (λω) 〈cˆp〉 = 〈c(0)kλ(p)∗〉〈cˆp〉 = 〈c(0)〉.
If on the other hand 〈cˆp〉 = 〈kλ(p)〉, then we use the properties (24) of kλ to find
lim
t→0
〈cˆ(t)〉 = lim
t→0
Γ pt (λω) 〈kλ(p)〉 = lim
t→0
〈kλ(t)〉 = 〈c(0)〉.
5 Pole of second order
We now come to the more intricate and diverse case of a polarized curve (〈c〉, Q) on (0, b), where
〈c〉 is smoothly extendible to (−, b) for some  > 0 and Q has a pole of second order at 0. In this
case, also λω has a pole of second order at 0 and we cannot apply the results of Sect 3 directly.
Instead, we use a gauge transformation
λω 7→ gnλω = 〈g〉−1λω〈g〉+ 〈g〉−1 d〈g〉
as in (5) to write
Γp(λω) = 〈g(p)〉Γp(gnλω) 〈g〉−1, Γ p(λω) = 〈g〉Γ p(gnλω) 〈g(p)〉−1. (38)
As we will see in Sect 5.1, it is possible to choose 〈g〉 such that gnλω is a pole form and, in
particular, has only a pole of first order. This is achieved by a gauge transformation which is
singular in the sense that the transforming map 〈g〉 : (0, b)→ PO(Rn+21 ) converges to a map of the
kind 〈vw∗〉 ∈ PEnd(Rn+21 ) with v, w ∈ Ln+1 as 0 is approached. In Sects 5.2 and 5.3, we will then
apply the results of Sect 3 to the pole form gnλω to investigate the behaviour of the Darboux
and Calapso transforms of (〈c〉, Q) at the singular point 0.
Again, for convenience, we assume that 〈c〉 and Q have smooth extensions to some (0, b + ˜),
˜ > 0.
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5.1 The singular gauge transformation
We assume that the polarization Q is of the form Qt = Q(t) d t
2 = d t
2
t2 . Again, this is no restriction
of our results: we can assume Q(t) to be positive because replacing Q by −Q has the same effect
as replacing λ by −λ and we make no restriction on the range of λ. Furthermore, the Darboux
and Calapso transformations are invariant under reparametrizations of 〈c〉. Since Q has a pole of
second order (see Def 2.2), there certainly is a parameter t for 〈c〉 such that Qt = d t2t2 and 〈c〉
remains smoothly extendible to (−, b).
For the gauge transformation we use a product g = FR of a frame F : (0, b) → O(Rn+21 ),
smoothly extendible to (−, b), and a particularly simple singular factor R : (0, b)→ O(Rn+21 ).
We first construct the frame F . To this end, let c be the flat lift of 〈c〉, for which ‖c′‖2 =
1. Then, with the above assumptions, Q(t) = 1t2 . Let N1, ..., Nn−1 be parallel, orthonormal
unit normal fields of c that satisfy3 ⟪dNi, c′⟫= 0 for i = 1, ..., n − 1 and let c¯ : (0, b) →
Ln+1 be the unique map such that ⟪c, c¯⟫= −1 and 〈c, c¯〉 = 〈c′, N1, ..., Nn−1〉⊥. Now define
the frame F : (0, b) → O(Rn+21 ) to map t to the orthogonal transformation F (t) which maps
a t-independent pseudo-orthonormal basis {o, ι, t, n1, ..., nn−1} of Rn+21 to the t-dependent basis
{c(t), c¯(t), c′(t), N1(t), ..., Nn−1(t)}. The Maurer-Cartan form of F is then of the form
F−1 dF = −ι ∧ t d t+ o ∧ F⊥
for some 〈o, ι〉⊥-valued 1-form F⊥.
Next, define the singular factor R : (0, b)→ O(Rn+21 ) by
R(t)o =
1
t
o, R(t)ι = t ι, R
∣∣
〈o,ι〉⊥ = id.
Then R has Maurer-Cartan form
(R−1 dR)t = −d t
t
o ∧ ι.
The product g := FR is a singular frame for the singular lifts t−1c(t) and tc¯(t) of 〈c(t)〉 and 〈c¯(t)〉,
respectively. It satisfies
lim
t→0
〈g(t)〉 = lim
t→0
〈F (t)R(t)〉 = lim
t→0
〈F (t) tR(t)〉 = 〈c(0)ι∗〉 ∈ PEnd(Rn+21 ). (39)
Using 〈g〉 for a gauge transformation (5) of λω, the gauge-transformed 1-form gnλω reads
gnλω =R−1F−1λωFR+R−1 dR+R−1(F−1 dF )R,
(gnλω)t =− d t
t
(− (λo− ι) ∧ t + o ∧ ι)+ t o ∧ F⊥t + R id. (40)
Indeed, gnλω has only a pole of first order and the pure pole form ξλ given by
ξλ(t) d t :=− d t
t
(− (λo− ι) ∧ t + o ∧ ι)+ R id =
=− d t
t
(o− t) ∧ (ι− λt) + R id
is such that |gnλω − ξλ| is bounded4 on (0, b). Thus, gnλω is a pole form.
The next Lemma, which summarizes the algebraic properties of ξλ, can be verified by direct
computation.
Lemma 5.1. Define
v± :=
√
1− 2λ(λo− ι)± (λo+ ι− 2λt), (41)
3This condition means that 〈N1, ..., Nn−1〉⊥ ∩ Ln+1 is the curvature circle congruence of 〈c〉.
4In fact, even 1
t
|(gnλω − ξλ)t| is bounded on (0, b), which will be useful in the proof of Thm 5.7.
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such that ξλ can be written as
ξλ(t) d t = −d t
t
√
1− 2λ v− ∧ v+⟪v−, v+⟫ + R id =: −d tt v ∧ w + R id.
If 1 − 2λ > 0, then 〈v, w〉 is Minkowski and v± are eigenvectors of v ∧ w with real eigenvalues
±√1− 2λ. If 1 − 2λ = 0, then 〈v, w〉 is degenerate and v+ = −v− ∈ 〈v, w〉 is null. If 1 − 2λ <
0, then 〈v, w〉 is spacelike and v± are complex conjugate eigenvectors of v ∧ w with imaginary
eigenvalues ±√1− 2λ ∈ iR.
In particular, for λ > 0, the pole form λω is of the first kind. For λ ≤ 0, it is of the second
kind.
By Prop 3.8, Cor 3.5 and Prop 3.1, for 1− 2λ ≥ 0, the primitives Γ tp (gnλω) converge as t→ 0
while for 1 − 2λ < 0 they do not have a limit at 0. We treat these cases separately in the next
two sections.
5.2 The behaviour at the singularity for 1− 2λ ≥ 0
To determine the behaviour of the Darboux and Calapso transforms of 〈c〉 at 0, we seek the limits
t→ 0 of
〈cˆ(t)〉 = 〈g(t)〉Γ pt (gnλω) 〈g(p)〉−1〈cˆp〉, (42)
〈cλ,p(t)〉 = 〈g(p)〉Γ tp (gnλω) 〈g(t)〉−1〈c(t)〉 = 〈g(p)〉Γ tp (gnλω) 〈o〉. (43)
By (39), 〈g(t)〉 has a limit at 0. Since 1−2λ ≥ 0, by Lemma 5.1 the pole form gnλω is Minkowski
or degenerate such that its primitives also have limits at 0. Very little work is required to prove
convergence of the Darboux and Calapso transforms at 0 in the following two theorems using the
results of Sect 3.
Theorem 5.2. Let (〈c〉, Q) be a polarized curve on (0, b) where 〈c〉 is regularly extendible to (−, b)
and Q has a pole of second order at 0. Then for every λ ∈ R\{0} with 1− 2λ ≥ 0, all λ-Darboux
transforms 〈cˆ〉 of 〈c〉 converge to 〈c(0)〉 as 0 is approached,
lim
t→0
〈cˆ(t)〉 = 〈c(0)〉.
Proof. Let first 1 − 2λ > 0. To find the behaviour of the Darboux transforms 〈cˆ〉 of 〈c〉 at 0, we
want to take the limit t→ 0 of (42). According to (39) and Prop 3.8,
lim
t→0
〈g(t)〉 = 〈c(0)ι∗〉, lim
t→0
Γ pt (gnλω) = 〈v−kλ(p)∗〉
for a continuous map kλ : [0, b)→ Ln+1 which satisfies (24) and v± given by (41).
If 〈cˆp〉 6= 〈g(p)〉〈kλ(p)〉. Then
lim
t→0
〈cˆ(t)〉 = lim
t→0
〈g(t)〉Γ pt (gnλω) 〈g(p)〉−1〈cˆp〉 = 〈c(0)ι∗〉〈v−kλ(p)∗〉〈g(p)〉−1〈cˆp〉 = 〈c(0)〉,
where we used ι∗(v−) 6= 0.
If on the other hand 〈cˆp〉 = 〈g(p)〉〈kλ(p)〉, then we use (32) to get
lim
t→0
〈cˆ(t)〉 = lim
t→0
〈g(t)〉Γ pt (gnλω) 〈kλ(p)〉 = lim
t→0
〈g(t)〉〈kλ(t)〉 = 〈c(0)ι∗〉〈v∗+〉 = 〈c(0)〉,
where in the last equality we used ι∗(v+) 6= 0.
This proves the theorem for 1− 2λ > 0. For 1− 2λ = 0, the proof works completely analogous
with Cor 3.6 in place of Prop 3.8 and (24) instead of (32).
For the Calapso transforms, even less work is necessary.
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Theorem 5.3. Let (〈c〉, Q) be a polarized curve on (0, b) where 〈c〉 has a regular extension to
(−, b) and Q has a pole of second order at 0. Then all λ-Calapso transforms with 1 − 2λ ≥ 0
converge as t→ 0.
Proof. In (43), we use Prop 3.8 for 1− 2λ > 0, Cor 3.6 for 1− 2λ = 0 and v∗−(o) 6= 0 to get
lim
t→0
〈cλ,p(t)〉 = lim
t→0
〈g(p)〉Γ tp (gnλω) 〈o〉 = 〈g(p)〉〈kλ(p)v∗−〉〈o〉 = 〈g(p)〉〈kλ(p)〉.
5.3 The behaviour at the singularity for 1− 2λ < 0
In this case, ξλ takes values in an algebra of infinitesimal Euclidean rotations. Thus, by Prop 3.1,
the primitives of ξλ do not have a limit at 0 and hence by Cor 3.6 neither do the primitives of
gnλω converge. From this it follows that the λ-Calapso transforms of 〈c〉 do not converge.
Theorem 5.4. Let (〈c〉, Q) be a polarized curve on (0, b) such that 〈c〉 has a regular extension
to (−, b) and Q has a pole of second order at 0. For λ ∈ R\{0} and p ∈ (0, b), the λ-Calapso
transform normalized at p tends5 towards the circular motion
〈Cλ,p(t)〉 := 〈g(p)〉Γ 0p (ξλ np gnλω) Γ tp (ξλ) 〈o〉
whose speed tends to infinity as t → 0. In particular, it does not have a limit point at 0, but the
limit circle
£[〈cλ,p〉] := g(p) Γ 0p (ξλ np gnλω) 〈o, ι, t〉 ∩ Ln+1. (44)
Proof. Let Ω and Ξλ be the orthogonal lifts of ω and ξλ, respectively. Since Γp(Ξλ np gnλΩ) is
continuous on [0, b), the inner product of the bounded lifts
cλ,p(t) =g(p) Γ
t
p (Ξλ np gnλΩ) Γ tp (Ξλ) o,
Cλ,p(t) =g(p) Γ
0
p (Ξλ np gnλΩ) Γ tp (Ξλ) o
of 〈cλ,p〉 and 〈Cλ,p〉, respectively, tends to zero. Since these lifts do not converge to zero at 0, we
conclude that 〈cλ,p〉 approaches 〈Cλ,p〉.
That 〈Cλ,p〉 is a parametrization of the circle g(p) Γ 0p (ξλ np gnλω) 〈o, ι, t〉 follows because Ξλ
takes values in the subalgebra 〈(o − t) ∧ (ι − λt)〉: the 1-parameter group Γp(ξλ) of Euclidean
rotations moves the point 〈o〉 on the circle 〈o, ι, t〉 ∩ Ln+1 with speed increasing towards infinity
as 0 is approached.
A generic Darboux transform, in contrast, has a limit at 0. As above, we have
〈cˆ(t)〉 = Γ pt (λω) 〈cˆp〉 = 〈g(t)〉Γ pt (gnλω) 〈g(p)〉−1〈cˆp〉. (45)
We know that 〈g(t)〉 converges to 〈c(0)ι∗〉 and one might expect that if Γ pt (gnλω) 〈g(p)〉−1〈cˆp〉
stays sufficiently far away from the kernel 〈ι〉⊥ of 〈c(0)ι∗〉, then in the limit 〈c(0)ι∗〉 forces 〈cˆ〉
towards 〈c(0)〉. This idea is made precise and affirmed by the following Lemma, formulated in a
more general context.
Lemma 5.5. For V an arbitrary subset of Rm and q ∈ Rm a limit point of V, let 〈A〉 : V →
PO(Rn+21 ) be a map with limit 〈xy∗〉 at q, where x, y ∈ Ln+1. Let 〈u〉 : V → Sn be a map so that
there is an open neighbourhood U of 〈y〉 ∈ Sn such that 〈u(V)〉∩U = {}. Then the product 〈A〉〈u〉
has the limit 〈x〉 at q.
5〈cλ,p〉 tends towards 〈Cλ,p〉 in the sense that the distance between 〈cλ,p(t)〉 and 〈Cλ,p(t)〉 measured with respect
to an arbitrary representative metric of the conformal structure of Sn tends to zero as t→ 0.
16
Figure 2: Darboux transforms (dashed) of a half ellipse (solid) with respect to a polarization with
a pole of second order at each end. The spectral parameter λ is greater (smaller) than 12 on the
right (left) side.
Proof. Let A be a lift of 〈A〉 with limit xy∗ at q and u the lift of 〈u〉 that satisfies ⟪u(t), y⟫= −1
for all t ∈ V. Then u is bounded with respect to the positive definite norm | · | by some R ∈ R+.
Namely, if there was no such bound, then in order to maintain ⟪u(t), y⟫= −1, the point 〈u(t)〉
would need to get arbitrarily close to 〈y〉, which contradicts the assumptions.
Now write
A(t)u(t) =
(
A(t)− xy∗)u(t) + xy∗u(t) = (A(t)− xy∗)u(t)− x. (46)
Since u is bounded by R ∈ R, we have
|(A(t)− xy∗)u(t)| ≤ |A(t)− xy∗||u(t)| ≤ |A(t)− xy∗|R,
and so the first term on the right hand side of (46) has limit 0 at q. Thus, the product Au has
the limit −x at q and 〈A〉〈u〉 has the limit 〈x〉 at q.
Using this Lemma, the following proposition provides a sufficient condition for 〈cˆ(t)〉 to converge
to 〈c(0)〉 as t→ 0.
Proposition 5.6. Let (〈c〉, Q) be a polarized curve on (0, b) such that 〈c〉 has a regular extension
to (−, b) and Q has a pole of second order at 0. For λ ∈ R with 1 − 2λ < 0 and 〈cˆp〉 not on
the limit circle £[〈cλ,p〉] of the λ-Calapso transform normalized at p (see (44)), denote by 〈cˆ〉 the
λ-Darboux transform of 〈c〉 with initial value 〈cˆ(p)〉 = 〈cˆp〉. Then 〈cˆ〉 converges to 〈c(0)〉 as 0 is
approached.
Proof. Fix p ∈ (0, b) and factorize Γp(gnλω) as in (21) to write 〈cˆ〉 in the form
〈cˆ〉 = 〈g〉〈u〉 with 〈u〉 := Γ p(ξλ) Γ 0(ξλ np gnλω)〈W 〉, 〈W 〉 := Γ p0 (ξλ np gnλω) 〈g(p)〉−1〈cˆp〉.
The singular frame 〈g〉 converges to 〈c(0)ι∗〉. We want to apply Lemma 5.5 to the product 〈g〉〈u〉
and thus, we need to prove that under the assumption that 〈cˆp〉 does not lie on the limit circle
£[〈cλ,p〉], there is a b˜ ∈ (0, b) and neighbourhood U ⊂ Sn of 〈ι〉 such that
∀t ∈ (0, b˜) : 〈u(t)〉 = Γ pt (ξλ) Γ 0t (ξλ np gnλω) 〈W 〉 /∈ U. (47)
To prove this, we note that, since ξλ takes values in 〈(o− t) ∧ (ι− λt) + R id〉, we have
∀w ∈ Ln+1 ∀t ∈ (0, b) : Γ pt (ξλ) 〈w〉 ⊂ 〈w, o− t, ι− λt〉.
From this we deduce the implication
〈w〉 * 〈o, ι, t〉 ⇒ ∀t ∈ (0, b) : Γ pt (ξλ)〈w〉 6= 〈ι〉. (48)
17
By the assumption of the Proposition, 〈W 〉 * 〈o, ι, t〉 and hence, by (48),
∀t ∈ (0, b) : Γ pt (ξλ)〈W 〉 6= 〈ι〉.
But then there must also be open neighbourhoods V of 〈W 〉 and U of 〈ι〉 such that
∀t ∈ (0, b) ∀x ∈ V : Γ pt (ξλ)x /∈ U. (49)
Due to (18), we can choose b˜ ∈ (0, b) close enough to 0 such that
∀t ∈ (0, b˜) : Γ 0t (ξλ np gnλω) 〈W 〉 ∈ V. (50)
Using (50) in (49) now yields (47). We can thus apply Lemma 5.5 to the product 〈cˆ〉 = 〈g〉〈u〉
restricted to (0, b˜). Since p ∈ (0, b) was arbitrary, this completes the proof.
The characterization of the λ-Darboux transforms excluded in Prop 5.6 is independent of the
point p ∈ (0, b), at which the initial condition 〈cˆ(p)〉 = 〈cˆp〉 is posed. As soon as 〈cˆ(p)〉 ∈ £[〈cλ, p〉]
holds for one p ∈ (0, b), it holds for all p ∈ (0, b).
We finally analyse what happens, when the initial point of the Darboux transform does lie on
the limit circle of the Calapso transform. In this case, we cannot apply Lemma 5.5 and indeed 〈cˆ〉
does not converge to 〈c(0)〉 as 0 is approached.
Theorem 5.7. Let (〈c〉, Q) be a polarized curve on (0, b) where 〈c〉 has a regular extension to
(−, b) and Q has a pole of second order at 0. As 0 is approached, any λ-Darboux transform 〈cˆ〉
with 1− 2λ < 0 converges to 〈c(0)〉,
lim
t→0
〈cˆ(t)〉 = 〈c(0)〉,
except when 〈cˆ(p)〉 lies on the limit circle £[〈cλ,p〉] of the Calapso transform 〈cλ,p〉. In that case
〈cˆ〉 approaches the curvature circle of 〈c〉 at 0 rotating with frequency increasing towards infinity
as 0 is approached.
Proof. The first part of the theorem was proved above (see Prop 5.6). What remains to be
confirmed is the exception. The analysis of this exceptional case is laborious and will occupy the
rest of this section. We prove the theorem in three steps. First, we show that 〈cˆ〉 approaches the
curvature circle of 〈c〉 at 0. Then we show that 〈cˆ〉 has at least two distinct limit points on that
curvature circle at 0. In the third step, we use that 〈cˆ〉 and 〈c〉 envelop a circle congruence to
argue that 〈cˆ〉 tends towards a rotation on the curvature circle of 〈c〉 at 0 with frequency increasing
towards infinity as 0 is approached.
Throughout this proof we consider p ∈ (0, b) and λ ∈ R with 1 − 2λ < 0 fixed. To simplify
notation, we define the integrable 1-form φ and its orthogonal lift Φ by
φ := ξλ np gnλω, Φ := Ξλ np gnλΩ.
In particular, from (40) and (20) we find
Φt = Φ(t) d t = Γ
t
p (Ξλ) t o ∧ F⊥t Γ pt (Ξλ),
such that Φt/t is bounded on (0, b).
Let 〈cˆp〉 be any point on £[〈cλ,p〉], that is (cf Thm 5.4),
〈cˆp〉 = 〈g(p)〉Γ 0p (φ)〈Cˆp〉 with Cˆp ∈ 〈o, ι, t〉. (51)
Then substitution of (51) in (45) and using Γ p(gnλω) = Γ p(ξλ)Γ p(φ) yields
〈cˆ〉 = 〈g〉Γ p(gnλω) Γ 0p (φ) 〈Cˆp〉 = 〈g〉Γ p(ξλ) Γ 0(φ) 〈Cˆp〉. (52)
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1. Denote by Ξλ the orthogonal lift of ξλ and let cˆ be the lift
cˆ(t) =
1
t
g(t) Γ pt (Ξλ) Γ
0
t (Φ) Cˆp (53)
for some nonzero Cˆp ∈ 〈Cˆp〉. In Sect 5.1, we chose the normal fields {N1, ..., Nn−1} such
that 〈N1, ..., Nn−1〉⊥ is the curvature circle congruence of 〈c〉. Therefore, since cˆ is a lift of
〈cˆ〉 that stays away from zero, in order to show that 〈cˆ〉 approaches the curvature circle of
〈c〉 at 0, it is sufficient to show that the n− 1 inner products ⟪cˆ, Ni⟫ all tend towards zero.
Since g−1Ni = ni and Ξλ(ni) = 0 (see Sect 5.1), the inner product of (53) with Ni reads
⟪cˆ(t), Ni(t)⟫= 1
t
⟪Γ 0t (Φ) Cˆp, ni⟫ =: 1t σi(t).
Since Cˆp is an element of 〈o, ι, t〉 and ni ∈ 〈o, ι, t〉⊥, all the functions σi(t) tend to zero as
t → 0. Since Φ(t)/t is bounded, Φ(t) tends to zero as 0 is approached and thus also the
first derivatives of all σi tend to zero as 0 is approached. An application of the mean value
theorem to σi then yields that ⟪cˆ, Ni⟫ tends to zero and indeed 〈cˆ〉 approaches the curvature
circle of 〈c〉 at 0 as 0 is approached.
2. We now prove that 〈cˆ〉 has at least two limit points at 0, namely 〈c(0)〉 and 〈c¯(0)〉, where c¯
is as in Sect 5.1.
To prove that 〈c(0)〉 is a limit point, let (ti)i∈N be a sequence in (0, b) which converges to 0
and is such that
∀i ∈ N : Γ pti (ξλ) 〈Cˆp〉 = 〈o〉.
In particular
∀i, j > 0 : Γ tjti (ξλ) = id.
Then, evaluating (52) at ti and taking the limit i→∞ yields
lim
i→∞
〈cˆ(ti)〉 = lim
i→∞
〈g(ti)〉Γ pti (ξλ)Γ 0ti (φ)〈Cˆp〉 = 〈c(0)ι∗〉Γ 0t1 (ξλ)〈Cˆp〉 = 〈c(0)ι∗〉〈o〉 = 〈c(0)〉.
Thus, 〈c(0)〉 is a limit point of 〈cˆ〉.
To prove that also 〈c¯(0)〉 is a limit point, rescale Cˆp if necessary and let (ti)iN be a sequence
in (0, b) which converges to 0 and is such that
∀i ∈ N : Γ pti (Ξλ)Cˆp = ι. (54)
The lift (53) evaluated at ti yields the sequence (cˆ(ti))i∈N with
cˆ(ti) =
1
ti
g(ti) Γ
p
t1 (Ξλ) Γ
0
ti (Φ) cˆp.
We have already proved above that the n − 1 quantities ⟪cˆ, Ni⟫ converge to zero. We
now show that also both ⟪cˆ(ti), c¯(ti)⟫ and ⟪cˆ(ti), c′(ti)/‖c′(ti)‖⟫ converge to zero and that⟪cˆ(ti), c(ti)⟫ converges to −1. It then follows that 〈cˆ(ti)〉 converges to 〈c¯(0)〉.
Use g−1(t)c¯(t) = 1t ι and (54) to write
⟪cˆ(ti), c¯(ti)⟫= 1
t2i
⟪Γ pti (Ξλ) Γ 0ti (Φ) Cˆp, ι⟫ = 1t2i ⟪Γ 0ti (Φ) Cˆp, Cˆp⟫ .
Now use (7) for Γ pt (Φ) twice and the antisymmetry of elements of o(R
n+2
1 ) to obtain
⟪cˆ(ti), c¯(ti)⟫= 1
t2i
∫ 0
ti
∫ 0
τ
⟪Φ(τ) Φ(τ˜) Γ 0τ˜ (Φ) Cˆp, Cˆp⟫d τ˜ d τ.
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Since Φ(t)/t is bounded, indeed ⟪cˆ(ti), c¯(ti)⟫ converges to zero as i→∞.
To show that the inner product of cˆ(ti) with c
′(ti)/‖c′(ti)‖ converges to zero, we write
⟪cˆ(ti), c′(ti)/‖c′(ti)‖⟫= 1
ti
⟪Γ pti (Ξλ) Γ 0ti (Φ) Cˆp, t⟫ .
Again use the integral equation for Γ 0(Φ), the boundedness of Φ/t and (54) to conclude
that ⟪cˆ(ti), c′(ti)/‖c′(ti)‖⟫ converges to zero as i→∞.
Finally, ⟪cˆ(ti), c(ti)⟫= ⟪Γ pti (Ξλ) Γ 0ti (Φ) Cˆp, o⟫
which converges to ⟪Γ pt1 (Ξλ)Cˆp, o⟫= ⟪ι, o⟫= −1.
Thus, indeed limi→∞ cˆ(ti) = c¯(0) such that 〈c¯(0)〉 is also a limit point of 〈cˆ〉.
3. We now show that 〈cˆ〉 tends towards a rotation on the curvature circle of 〈c〉 at 0. Since both
〈c(0)〉 and 〈c¯(0)〉 are limit points of 〈cˆ〉, it then follows that the frequency of this rotation
must tend towards infinity.
Choose b˜ ∈ (0, b) such that 〈c¯(0)〉 /∈ 〈c((0, b˜))〉. Then there is a closed neighbourhood U ⊂ Sn
of 〈c¯(0)〉 whose intersection with 〈c((0, b˜))〉 is empty. Define
I := {t ∈ (0, b˜) | 〈cˆ(t)〉 ∈ U}.
Since 〈c¯(0)〉 is a limit point of 〈cˆ〉, the set I is non-empty and has the limit point 0. Now
let c¯, c and cˆ be spherical lifts of 〈c¯〉, 〈c〉 and 〈cˆ〉, respectively. The circle congruence S
enveloped by 〈cˆ〉 and 〈c〉 is
S = 〈cˆ, c, c′〉 =
〈
1⟪c, cˆ⟫Π〈N1,...,Nn−1〉cˆ− c¯, c, c′
〉
.
We have showed above that Π〈N1,...,Nn−1〉cˆ converges to zero as 0 is approached. Moreover,
we have constructed I in a way that there exists a constant C > 0 such that
∀t ∈ I : ⟪c(t), cˆ(t)⟫> C. (55)
Therefore, S restricted to I converges to the curvature circle 〈c¯(0), c(0), c′(0)〉 of 〈c〉 at 0.
(55) also implies that inside U the speed of 〈cˆ〉 tends towards infinity because
∀t ∈ I : ‖cˆ′(t)‖2 = ‖λQ (c ∧ c′)(cˆ)‖2 = λ
2
t2
⟪c(t), cˆ(t)⟫2‖c′‖2 > λ2
t2
C2‖c′‖2. (56)
Now stereographically project Sn to Rn such that the curvature circle of 〈c〉 at 0 gets mapped
to the unit circle in the 〈e1, e2〉-plane with centre the origin. Write the projection cˆ of 〈cˆ〉 as
cˆ(t) = ρ(t) (sin(ϕ(t))e1 + cos(ϕ(t))e2) + Z(t),
where ϕ : (0, b)→ R is smooth and Z(t) ∈ 〈e3, ..., en〉 for all t ∈ (0, b). Since 〈cˆ〉 approaches
the curvature circle of 〈c〉 at 0, the function Z must converge to zero and ρ must converge
to 1 as t → 0. Since moreover the enveloped circle congruence S restricted to I converges
to the curvature circle of 〈c〉 at 0, on I the angle between the tangent to cˆ and the tangent
to the circle sin(ϕ)e1 + cos(ϕ)e2 must converge to ±1, that is,
±1 = lim
t→0
t∈I
⟪ cˆ′(t)‖cˆ′(t)‖ , cos(ϕ(t))e1 − sin(ϕ(t))e2⟫ = limt→0
t∈I
ρ(t)ϕ′(t)√
ρ′(t)2 + ρ2ϕ′(t)2 + ‖Z ′(t)‖2 .
Due to the lower bound (56), the square root in this expression tends to infinity and so also
ϕ′ must tend to plus or minus infinity as 0 is approached in I. Together with the result that
also 〈c(0)〉 is a limit point of 〈cˆ〉, this implies that ϕ tends to plus or minus infinity such that
indeed the frequency of the rotation of 〈cˆ〉 on the curvature circle tends towards infinity.
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Figure 3: Darboux transform (dashed) of a half ellipse (solid) with respect to a polarization with a
pole of second order at each end. The spectral parameter λ is positive and the initial point 〈cˆ(p)〉
lies on the limit circle of the Calapso transform normalised at p.
References
[1] Bianchi, L.: Vorlesungen u¨ber Differentialgeometrie. Teuber, Leipzig (1899). Autorisierte
deutsche U¨bersetzung von M. Lukat
[2] Bobenko, A.I.: Surfaces in terms of 2 by 2 matrices. Old and new integrable cases. In:
Harmonic maps and integrable systems, Aspects Math., E23, pp. 83–127. Friedr. Vieweg,
Braunschweig (1994)
[3] Bobenko, A.I., Suris, Y.B.: On discretization principles for differential geometry. The geom-
etry of spheres. Uspekhi Mat. Nauk 62(1(373)), 3–50 (2007)
[4] Bobenko, A.I., Suris, Y.B.: Discrete differential geometry, Graduate Studies in Mathematics,
vol. 98. American Mathematical Society, Providence, RI (2008)
[5] Burstall, F.: Isothermic surfaces: conformal geometry, Clifford algebras and integrable sys-
tems. In: Integrable systems, geometry, and topology, AMS/IP Stud. Adv. Math., vol. 36,
pp. 1–82. Amer. Math. Soc., Providence, RI (2006)
[6] Burstall, F., Hertrich-Jeromin, U., Mu¨ller, C., Rossman, W.: Semi-discrete isothermic sur-
faces. Geom. Dedicata 183, 43–58 (2016)
[7] Burstall, F., Hertrich-Jeromin, U., Pedit, F., Pinkall, U.: Curved flats and isothermic surfaces.
Math. Z. 225(2), 199–209 (1997)
[8] Burstall, F., Santos, S.D.: Special isothermic surfaces of type d. J. Lond. Math. Soc. (2)
85(2), 571–591 (2012)
[9] Cies´lin´ski, J., Goldstein, P., Sym, A.: Isothermic surfaces in E3 as soliton surfaces. Phys.
Lett. A 205(1), 37–43 (1995)
[10] Dollard, J.D., Friedman, C.N.: Product integration with applications to differential equations,
Encyclopedia of Mathematics and its Applications, vol. 10. Addison-Wesley Publishing Co.,
Reading, Mass. (1979)
[11] Eisenhart, L.P.: A treatise on the differential geometry of curves and surfaces. Dover Publi-
cations, Inc., New York (1960)
21
[12] Ferus, D., Pedit, F.: Curved flats in symmetric spaces. Manuscripta Math. 91(4), 445–454
(1996)
[13] Fuchs, A.: Transformations and singularities of isothermic surfaces. Ph.D. thesis, TU Wien
(2018). In preparation
[14] Guilfoyle, B., Klingenberg, W.: Proof of the caratheodory conjecture. ArXiv e-prints (2008)
[15] Hertrich-Jeromin, U.: Introduction to Mo¨bius differential geometry, London Mathematical
Society Lecture Note Series, vol. 300. Cambridge University Press, Cambridge (2003)
[16] Hopf, H.: Differential geometry in the large, Lecture Notes in Mathematics, vol. 1000, second
edn. Springer-Verlag, Berlin (1989). Notes taken by Peter Lax and John W. Gray, With a
preface by S. S. Chern, With a preface by K. Voss
[17] Levinson, N.: The asymptotic behavior of a system of linear differential equations. Amer. J.
Math. 68, 1–6 (1946)
[18] Mu¨ller, C., Wallner, J.: Semi-discrete isothermic surfaces. Results Math. 63(3-4), 1395–1407
(2013)
[19] Sharpe, R.W.: Differential geometry, Graduate Texts in Mathematics, vol. 166. Springer-
Verlag, New York (1997)
[20] Smyth, B.: Soliton surfaces in the mechanical equilibrium of closed membranes. Comm.
Math. Phys. 250(1), 81–94 (2004)
[21] Strebel, K.: Quadratic differentials, vol. 5. Springer-Verlag, Berlin (1984)
[22] Terng, C.L., Uhlenbeck, K.: Ba¨cklund transformations and loop group actions. Comm. Pure
Appl. Math. 53(1), 1–75 (2000)
22
